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8 January 2024

Warm-up 2:

Warm-up 1: Give an angle that has cos(f) =

|
and sin(f) = —é. V2

Simplify (814)°.




You should already be able to expand
5-x)2+4x) =+ =10+ 18x — 4x*

If we define 1 as a number for which

[ 1

we can calculate, for example,
5-DQ2+4i)=--=10+ 18i — 4i*
=10+ 181 +4 = 14 + 18..



A complex number is anything that can be written as

a+ bi,

where a and b are both real numbers (either or both can be zero).

@ The real part is the number a.

o The imaginary part is the number b (which is a real number).

The word “complex” here does not mean difficult
- or complicated (skomplikowana).
.- -- It means made-of-multiple-parts (
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Magnitude and arqument

The magnitude! of a complex number is its distance from 0.

We write 7z for the magnitude of a complex number Z.

Examples:

o The magnitude of 4+ 3i is 3.
o |n symbols, this is written “ 4 +3i =5".
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@ IR

a + bi =\/612+b2 if a and b are real

1. This is also called modulus, or norm, or absolute value.



Magnitude and arqument

The argument of a complex number is the angle between the positive
real axis and the line from 0 to that complex number.

We write arg(z) for the argument (the angle) of a complex number z.

Examples:

o The argument of 141 is 45°.
o Insymbols, “arg(l + i) =45°".

® Y I
arg(\ﬁ +1) = i : : 3
® The argument of 4+ 31 is arctan(z), also written atan(z) or tan_l(z).
A calculator can tell us this is approximately 0.6435, or 36.89°.



For a number
z=a+ bi,
it can be difficult to find the magnitude and argument.

o This way of writing complex numbers is called rectangular form.

sk be same number

For a number

e UL SE be same number

with » > 0, the magnitude is exactly r and the argument is exactly 6.
o This way of writing complex numbers is called polar form.



Write
8vV 3 =147 + 4/ =3
INn both

o rectangular form z = a + bi.

VERSVEL

e polar form z = rcos(@) + rsin(f) i.
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IS moved to next week.



Ii
z = 8cos(n/6) + 8sin(x/6) 1,

calculate 22, giving your answer in polar form.

: ((4v3) + 41)*

: (473) + 2(473)41) + (41
(42* - 16) + (323

(32\/' 3):.,
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For the previous example, we saw
(rcos(0) + rsin(@) i)* = r*cos(26) + r*sin(20)i.

In fact,
(r cos(f) + rsi(0) i )” = r'cos(nf) + r" sim(nd)i

IS true for any n, including fractions and negative values.

You do not have to memorize this fact, though. Instead, we will use a
shortcut—which you will need to memorize —that will make these

formulas obvious.



Exponentiol form

FACT: e = cos(6) + sin(0) i







Exponential form

Fact: e’ = cos(0) + sin(8) i

Multiplying both sides of this by 7 gives
re” = rcos(@) + rsin(@)i.

Writing a complex number as  e—' is called exponential form.

Se(ﬂ/6)i

Example: 4/3+41 = 3 COS(%) + 38 Sin(%)i

rectangular polar form exponential
form form



Exponentiol form

Fact: e” = cos(0) + sin(8) i

Basic algebra tells us that

6’i)n n_noi

(resys = pFe’”.

Using the fact at the top turns this equation into
(r cos(6) + rsin(6) i)” = r" cos(nf@) + r" sin(nb)i.
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In general, (re?) - (se?") = (rs)el?+P)

What does this mean visually”?

Let’s draw a dot * at zw below.
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Multiplying

by 1 rotates
a complex

number

by 90°.




What if we rotate by 90° and then rotate by 90° again?
Wegetl XiXi=-—1.

This provides another explanation for why the powers of 1 repeat the same

four values and why i ~! = — i (rotating 90° clock-wise from 1) and other

negative powers simplify the way they do.



Task 1: Write 2 + 2i in exponential form. f? @4t
Task 2: Write (2 + 2i)° in exponential form.

(+20)6 = (VF essi)e
= (VE)eelas -6
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Multiplying (— + —l) (2 203 l) IS possible, but it takes a lot of

algebra work.

D5 —T

Multiplying (7€TZ) (46 3 l) IS much easier:

(7. )5 Loael50)
/3

We can then expand this to 28( "3 —l) = 14 + 14\@1 if we need to.



Complex conjugate

The complex conjugate (or just conjugate) of a complex number Z is
the reflection of Z across the real axis.

It is written Z and spoken as “z bar”. . 7 *
Im




Com PL ex conjugate

How is 7z calculated?

a+ bi = a— bi




